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Abstract
We prove the existence of a global “small” weak solution to the flow of the H -system with initial–boundary conditions. We also
analyze its time asymptotic behavior. Finally we give a stability result for weak solutions to the heat flow of higher dimensional
H -systems.
© 2011 Elsevier Masson SAS. All rights reserved.
Résumé
On démontre l’existence d’une solution faible globale « petite » du flux du H -système avec conditions initiales. On analyse
également son comportement asymptotique. Enfin, on étallit un résultat de stabilité pour la solution faible du flux de chaleur du
H -système en dimensions plus grandes.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Let Ω ⊂ Rm, m 2, be a bounded open set with smooth boundary. For a map u ∈ W 1,m(Ω,Rm+1) the nonlinear
degenerate elliptic system
−div(|∇u|m−2∇u)= mm2 H(u)∇1u∧ · · · ∧ ∇mu (1.1)
is known as H -system. Here H : Rm+1 → R is a W 1,∞-function, and the cross product
w1 ∧ · · · ∧ wm : Rm+1 ⊕ · · · ⊕ Rm+1 → Rm+1 is defined by the property that w · w1 ∧ · · · ∧ wm = detW for all
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C. Leone et al. / J. Math. Pures Appl. 97 (2012) 282–294 283vectors w,wi ∈ Rm+1, i = 1, . . . ,m, and for the (m + 1) × (m + 1)-matrix W having the first row (w1, . . . ,wm+1)
and the i-th row (w1i−1, . . . ,w
m+1
i−1 ), i = 2, . . . ,m+ 1.
Systems of the general form (1.1) occur in differential geometry and in the calculus of variation.
If u is a conformal representation of a hypersurface S, i.e. u satisfies the relations
∇αu · ∇βu = λ(x)δαβ, α,β = 1, . . . ,m,
for some real-valued function λ, then −H(u(x)) is the mean curvature of S at every regular point u(x), meaning
a point where ∇1u∧ · · · ∧ ∇mu does not vanish (see [5, pp. 41–42]).
For m  2 and for H ≡ const., weak solutions of the Dirichlet problem associated to (1.1) correspond to critical
points of the functional, called “m-energy”,
I (u) = 1
m
∫
Ω
|∇u|m dx, (1.2)
under the constraint that the quantity, called “volume-functional”,
V (u) = 1
m+ 1
∫
Ω
u · ∇1u∧ · · · ∧ ∇mudx (1.3)
is a given constant. Here V (u) represents the volume of the cone generated by the image u(Ω) starting from
u0(Ω) (defined by the Dirichlet datum u0). Let us note that (1.1) is the Euler–Lagrange equation of the functional
E0(u) = I (u)−mm2 HV (u), where the constant mm2 H is exactly the Lagrange multiplier.
For nonconstant H , let us define the functional
E(u) = I (u)− m
m
2
m+ 1
∫
Ω
Q(u) · ∇1u∧ · · · ∧ ∇mudx,
where
Q(u) =
( u1∫
0
H(s,u2, . . . , um+1) ds, . . . ,
um+1∫
0
H(u1, . . . , um, s) ds
)
.
Note that the critical points of E(u) in W 1,m(Ω,Rm+1) are weak solutions of the steady state equation (1.1).
A theory of existence and regularity of solutions to (1.1) has been carried out in [5] and [6].
In this paper we will study the heat flow of the H -system associated to (1.1). We will consider the following
Cauchy–Dirichlet problem:{
∂tu− div
(|∇u|m−2∇u)= mm2 H(u)∇1u∧ · · · ∧ ∇mu in Ω∞,
u = u0 on
({t = 0} ×Ω)∪ ((0,∞)× ∂Ω), (1.4)
for a map u : Ω∞ = (0,∞) × Ω −→ Rm+1, u(z) = (u1(z), . . . , um+1(z)), z = (t, x) ∈ Ω∞, and with
u0 ∈ W 1,m(Ω,Rm+1)∩L∞(Ω,Rm+1).
We recall that a map u ∈ L∞(0,∞;W 1,m(Ω,Rm+1)) ∩ W 1,2(0,∞;L2(Ω,Rm+1)) is a weak solution of (1.4) if
and only if ∫
Ω∞
∂tu · ϕ dz+
∫
Ω∞
|∇u|m−2∇u · ∇ϕ dz = mm2
∫
Ω∞
H(u)ϕ · ∇1u∧ · · · ∧ ∇mudz
for all ϕ ∈ D(Ω∞,Rm+1), the set of functions from Ω∞ to Rm+1 infinitely differentiable with compact support.
Moreover, as t ↘ 0, ∥∥u(t)− u0∥∥Lq(Ω) −→ 0 for any q  1,∫
φ · ∇u(t) dx −→
∫
φ · ∇u0 dx for any φ ∈ Lm′
(
Ω,Rm(m+1)
)
, (1.5)Ω Ω
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almost every t ∈ (0,∞).
We study the existence of a global weak solution to (1.4) assuming the smallness of the initial and boundary data.
Our main result is the following:
Theorem 1. Let u0 be a W 1,m ∩ L∞-map defined on Ω with values in Rm+1 satisfying the “smallness” condition
‖H‖∞ supΩ |u0| < 1. Then, there exists a weak solution u ∈ L∞(0,∞;W 1,m(Ω,Rm+1))∩W 1,2(0,∞;L2(Ω,Rm+1))
of (1.4) such that supΩ |u(t)| supΩ |u0| for any t  0. Moreover, the energy inequality
1
2
∫
(0,T )×Ω
|∂tu|2 dz+E
(
u(T )
)
E(u0), (1.6)
and the energy boundedness
1
m+ 1I
(
u(T )
)+ 1
2
T∫
0
∫
Ω
|∂tu|2 dz 2m+ 1
m+ 1 I (u0) (1.7)
are satisfied for almost every T > 0.
Finally, there exist a map u˜ ∈ W 1,m(Ω,Rm+1)∩L∞(Ω,Rm+1) satisfying{−div(|∇u˜|m−2∇u˜)= mm2 H(u˜)∇1u˜∧ · · · ∧ ∇mu˜ in Ω,
u˜ = u0 on ∂Ω,
(1.8)
and an increasing sequence tn tending to infinity such that
u(tn, ·)⇀ u˜ weakly in W 1,m
(
Ω,Rm+1
)
.
In the case m = 2, Theorem 1 was proved in [14], while, without assuming the “smallness”
condition ‖H‖∞ supΩ |u0| < 1, we do not have the time-global existence even in the case m = 2.
In [4] the authors prove that there exist a positive number T and a unique solution
u ∈ L∞(0, T ;W 1,2(Ω,R3))∩W 1,2(0, T ;L2(Ω,R3))∩W 1,2((0, T )×Ω,R3) for any T < T , which is locally smooth
in (0, T )×Ω , where T is characterized by the condition
lim
T↗T
sup
(s,y)∈(0,T )×Ω
∫
BR(y)×Ω
∣∣∇u(s)∣∣2 dx  ε0 (1.9)
for every R > 0, with ε0 > 0 depending only on m and H .
Both the above results in the case m = 2 are based on a Struwe’s argument developed in the study of the evolution
of harmonic maps from a two dimensional domain to a smooth compact Riemannian manifold (see [15]). Indeed, the
nonlinear term 2H(u)∇xu∧ ∇yu is of the same order of that in the case of harmonic mappings, i.e. γ (u)(∇u,∇u).
Recently, the Cauchy problem associated to the heat flow of H -systems on higher dimensional Riemannian
manifolds without boundary has been studied in [7]. Under the same smallness condition the authors prove the
existence of a global weak solution, adapting an approach of Hungerbühler on the m-harmonic map flow (see [8]),
based on Struwe’s method. However, just as the authors point out, they cannot deal with the H -system flow in
a bounded domain for m> 2, due to the regularity issue on the boundary.
In this paper the existence of a weak solution of (1.4) is obtained by time discretization. We fix a positive number h
and a sequence of subdivisions {(n−1)h}n∈N of the interval (0,+∞), and define by induction an approximate solution
uhn at time nh: let uh0 = u0 and for n ∈N, let uhn be a solution of the minimum problem
min
{
Fhn (v): v ∈ K
}
,
where K and Fhn are defined in Section 2. Actually the existence of such a minimum problem can be deduced, thanks
to the special structure of the right hand side of Eq. (1.4) and to the “smallness” condition ‖H‖∞ supΩ |u0| < 1,
by a lower semicontinuity result due to Acerbi and Fusco (see [1]). Then, for every t > 0 we consider the piecewise
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which solve (in the sense of distributions) the equation
∂tuh − div
(|∇u¯h|m−2∇u¯h)= mm2 H(u¯h)∇1u¯h ∧ · · · ∧ ∇mu¯h in Ω∞. (1.10)
The solution u of the continuous time evolution problem (1.4) will be obtained by passing to the limit in the sequences
u¯h and uh as h → 0.
Let us emphasize that the process of limit is a delicate task since the equation is highly nonlinear and the right hand
side is not continuous with respect to the weak convergence. So we first deduce the a.e. convergence of the gradients,
allowing us to pass to the limit on the left hand side of (1.10), and then we use a result achieved in [16], based on the
celebrated concentration compactness principle of P.L. Lions (see Lemma 4.3 in [12] and Lemma 3.1 in [16]), to pass
to the limit in the right hand side. It is worth observing that in this way we have been able to find an application of the
result in [16], as the authors hoped, and to provide a parabolic version of their result.
A time-discrete scheme with certain compactness techniques is also used to find a weak solution of the Cauchy–
Dirichlet problem for the p-harmonic map flow into spheres or into homogeneous spaces (see [9,13]). For a survey of
the p-harmonic flow see [10].
2. Existence of a small solution
As in [11] our existence result is obtained by time discretization. For u0 belonging to W 1,m(Ω,Rm+1) we denote
by W 1,mu0 (Ω,Rm+1) the functions u in W 1,m(Ω,Rm+1) with u = u0 on ∂Ω in the sense of traces.
Here u0 is a function in W 1,m(Ω,Rm+1)∩L∞(Ω,Rm+1) such that ‖H‖∞ supΩ |u0| < 1; let us consider the set
K =
{
v ∈ W 1,mu0
(
Ω,Rm+1
)∩L∞(Ω,Rm+1): ‖H‖∞ sup
Ω
|v| 1
}
. (2.1)
For a positive number h and for n ∈ N, we now define by induction a family of functionals {Fhn} on the set K and
a family of maps {uhn} as follows:
uh0 = u0,
Fhn(v) = E(v)+
∫
Ω
1
2h
∣∣v − uhn−1∣∣2 dx, (2.2)
uhn ∈ K is a minimizer of the functional Fhn on K , that is
Fhn
(
uhn
)= inf{Fhn(v): v ∈ K}, (2.3)
where
E(v) = 1
m
∫
Ω
|∇v|m dx − m
m
2
m+ 1
∫
Ω
Q(v) · ∇1v ∧ · · · ∧ ∇mv dx, (2.4)
with Q :Rm+1 →Rm+1 defined as
Q(v) =
( v1∫
0
H(s, v2, . . . , vm+1) ds, . . . ,
vm+1∫
0
H(v1, . . . , vm, s) ds
)
.
We will prove the following existence result.
Lemma 2. For n ∈ N, there exists a family {uhn} of minimizers of {Fhn} in K . Each minimizer uhn ∈ K is actually
a strictly inner minimizer of Fhn in K and satisfies
uhn − uhn−1
h
− div(∣∣∇uhn∣∣m−2∇uhn)= mm2 H (uhn)∇1uhn ∧ · · · ∧ ∇muhn in Ω (2.5)
in the sense of distributions.
286 C. Leone et al. / J. Math. Pures Appl. 97 (2012) 282–294Proof. The set K is weakly closed in W 1,m(Ω,Rm+1), since it is closed and convex in W 1,m(Ω,Rm+1). Let us note
that, by Schwartz’s inequality and by the definition of the determinant, we have
|v · ξ1 ∧ · · · ∧ ξm| |v||ξ1| · · · |ξm| |v|
( |ξ1|2 + · · · + |ξm|2
m
)m
2
(2.6)
for all vectors v, ξi ∈Rm+1, i = 1,2, . . . ,m. So, considering the integrand functions of Fhn(v), that is
f hn (x, v, ξ) =
1
2h
∣∣v − uhn−1∣∣2 + 1m |ξ |m − m
m
2
m+ 1Q(v) · ξ1 ∧ · · · ∧ ξm, (2.7)
we obtain the estimate
1
m(m+ 1) |ξ |
m  f hn (x, v, ξ)
1
2h
∣∣v − uhn−1∣∣2 + 2m+ 1m(m+ 1) |ξ |m
 2
h‖H‖2∞
+ 2m+ 1
m(m+ 1) |ξ |
m (2.8)
for any (x, v, ξ) ∈ Rm × Rm+1 × Rm(m+1) satisfying ‖H‖∞|v| 1, the map uhn−1 = uhn−1(x) being in K . From the
definition (2.7), the functions f hn (x, v, ξ) are measurable in the first variable, since the dependence on x is given by
the map uhn−1 = uhn−1(x) in K , and continuous in the variable (v, ξ) ∈ Rm+1 ×Rm(m+1). Moreover, each f hn (x, v, ξ)
is quasiconvex in ξ ∈ Rm(m+1). In fact, the second term in (2.7) is clearly convex on ξ while the third one is a linear
function of the minors of ξ , and so it is polyconvex. Hence by the well-known result due to Acerbi and Fusco (see
[1, Theorem II.4]), we get that, for every n ∈ N, the functionals Fhn(v) are sequentially lower semicontinuous in K
with respect to the weak convergence in W 1,m(Ω,Rm+1) and then, the existence of minimizers uhn follows from the
direct methods of the calculus of variations.
Observing that uhn satisfies the variational inequality⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
uhn ∈ K,∫
Ω
uhn − uhn−1
h
· (v − unh)dx +
∫
Ω
∣∣∇uhn∣∣m−2∇uhn · (∇v − ∇uhn)dx
−mm2
∫
Ω
H
(
uhn
)(
v − uhn
) · ∇1uhn ∧ · · · ∧ ∇muhn dx  0,
∀v ∈ K,
(2.9)
if ϕ ∈ W 1,m0 (Ω) ∩ L∞(Ω), 0  ϕ  1, we can use the test function (1 − ϕ)uhn ∈ K in (2.9), obtaining, thanks to
Cauchy–Schwartz inequality and (2.6),
0
∫
Ω
−ϕuhn ·
uhn − uhn−1
h
dx −
∫
Ω
∣∣∇uhn∣∣m−2∇uhn · ∇(ϕuhn)dx
+mm2
∫
Ω
H
(
uhn
)
ϕuhn · ∇1uhn ∧ · · · ∧ ∇muhn dx

∫
Ω
−|uhn|2 + |uhn−1|2
2h
ϕ dx −
∫
Ω
∣∣∇uhn∣∣m−2∇ 12
∣∣uhn∣∣2 · ∇ϕ dx
−
∫
Ω
ϕ
∣∣∇uhn∣∣m(1 − ‖H‖∞ sup
Ω
∣∣uhn∣∣)dx. (2.10)
Since uhn ∈ K , we have that 1 − ‖H‖∞ supΩ |uhn| 0 and then from (2.10) we obtain
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|uhn|2 − |uhn−1|2
2h
ϕ + ∣∣∇uhn∣∣m−2∇
(
1
2
∣∣uhn∣∣2
)
· ∇ϕ dx  0, (2.11)
for every ϕ ∈ W 1,m0 (Ω)∩L∞(Ω), 0 ϕ  1, and then for every ϕ  0 by choosing ϕ/‖ϕ‖ as a test function.
Now, letting k = supΩ |u0|, the function ϕ = (|uhn|2 − k2)+ = max{|uhn|2 − k2,0} is an admissible test in (2.11), so,
using Cauchy–Schwartz inequality, we get
0 1
2h
∫
Ω∩{|uhn|2k2}
((∣∣uhn∣∣2 − k2)+)2 dx
− 1
2h
∫
Ω∩{|uhn|2k2}∩{|uhn−1|2k2}
(∣∣uhn∣∣2 − k2)+(∣∣uhn−1∣∣2 − k2)+ dx
+ 1
2h
∫
Ω∩{|uhn|2k2}∩{|uhn−1|2<k2}
(−∣∣uhn−1∣∣2 + k2)+(∣∣uhn∣∣2 − k2)+ dx
+ 1
2
∫
Ω
∣∣∇uhn∣∣m−2∣∣∇(∣∣uhn∣∣2 − k2)+∣∣2 dx
 1
4h
∫
Ω
((∣∣uhn∣∣2 − k2)+)2 − ((∣∣uhn−1∣∣2 − k2)+)2 dx (2.12)
for every n ∈N. Iterating (2.12) we obtain∫
Ω
((∣∣uhn∣∣2 − k2)+)2 dx 
∫
Ω
((|u0|2 − k2)+)2 dx = 0 (2.13)
which implies the uniform L∞-estimate for the family {uhn} of minimizers:
sup
Ω
∣∣uhn∣∣ k = sup
Ω
|u0|, n ∈N. (2.14)
From the assumption ‖H‖∞ supΩ |u0| < 1, we obtain that ‖H‖∞ supΩ |uhn| < 1 for any n ∈ N. Thus in (2.9) we can
choose as test function v = uhn ± sϕ, with ϕ ∈ W 1,m0 (Ω,Rm+1)∩L∞(Ω,Rm+1), ϕ = 0, and 0 < s  1−‖H‖∞ supΩ |u0|‖H‖∞ supΩ |ϕ| ,
to get the first variation formula: for any n ∈N, each uhn satisfies (2.5) in the sense of distributions. Note that (2.5) are
approximate equations of Rothe type for (1.4). 
Now we derive the estimate which plays a fundamental role in the limiting process. Since uhn satisfies (2.3), we
have that Fhn(uhn) Fhn(uhn−1), which implies
E
(
uhn
)+ ∫
Ω
1
2h
∣∣uhn − uhn−1∣∣2 dx E(uhn−1), n ∈N. (2.15)
Iterating (2.15), we obtain
E
(
uhN
)+ N∑
n=1
∫
Ω
1
2h
∣∣uhn − uhn−1∣∣2 dx E(u0), N ∈N. (2.16)
Let us introduce two maps uh and u¯h defined on [0,∞)×Ω with values into Rm+1⎧⎪⎪⎨
⎪⎪⎩
u¯h(t, x) = uhn(x), (t, x) ∈
(
(n− 1)h,nh]×Ω, n ∈N,
u¯h(0, x) = u0(x), x ∈ Ω,
uh(t, x) = t − (n− 1)huhn(x)+
nh− t
uhn−1(x), (t, x) ∈
(
(n− 1)h,nh]×Ω, n ∈N.
(2.17)h h
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∂tuh − div
(|∇u¯h|m−2∇u¯h)= mm2 H(u¯h)∇1u¯h ∧ · · · ∧ ∇mu¯h in Ω∞, (2.18)
the equation being solved in the sense of distributions. By (2.16), we also have that, for N ∈N,
E
(
u¯h(Nh)
)+ 1
2
Nh∫
0
∫
Ω
|∂tuh|2 dzE(u0),
and hence
E
(
u¯h(T )
)+ 1
2
T∫
0
∫
Ω
|∂tuh|2 dzE(u0) for any T > 0. (2.19)
Note that (2.14) and (2.17) yield
sup
Ω∞
|u¯h| sup
Ω
|u0|, sup
Ω∞
|uh| sup
Ω
|u0|, (2.20)
and then, by the assumption that ‖H‖∞ supΩ |u0| < 1, we have
‖H‖∞ sup
Ω∞
|u¯h| ‖H‖∞ sup
Ω
|u0| < 1. (2.21)
Moreover, by (2.8) and (2.19), we obtain that
1
m+ 1I
(
u¯h(T )
)+ 1
2
T∫
0
∫
Ω
|∂tuh|2 dzE
(
u¯h(T )
)+ 1
2
T∫
0
∫
Ω
|∂tuh|2 dz
E(u0)
2m+ 1
m+ 1 I (u0), (2.22)
for any T > 0. Using definition (2.17) and (2.22) we have
I
(
uh(T )
)
 (2m+ 1)I (u0) for any T > 0. (2.23)
Thus, from (2.22) and (2.23), we can choose subsequences (not relabelled) {uh} and {u¯h} such that, as h ↘ 0,
uh ⇀ u, u¯h ⇀ u¯ weakly∗ in L∞
(
0,∞;W 1,m(Ω,Rm+1)),
∂tuh ⇀ ∂tu weakly in L2
(
Ω∞,Rm+1
)
. (2.24)
Now we will investigate more deeply the convergence properties of {uh} and {u¯h}.
Lemma 3. For any q , 1 q < ∞, the sequences {uh} and {u¯h} satisfy, as h ↘ 0,
u¯h → u, uh → u strongly in Lqloc
(
(0,∞);Lq(Ω,Rm+1)). (2.25)
Proof. Let {uh} and {u¯h} be arbitrary subsequences taken from the original ones. Thanks to (2.23) and (2.24),
and applying the compactness of Sobolev embedding theorem from W 1,2((0, T ) × Ω) into Lr((0, T ) × Ω),
1 r < 2(m+1)
(m−1) , we can choose a subsequence {uh} (not relabelled) such that
uh → u strongly in L2loc
(
(0,∞);L2(Ω,Rm+1)). (2.26)
By the definition (2.17) of uh and u¯h, we have |uh − u¯h| h|∂tuh| and thus (2.22) gives, for any T > 0, the following
estimate: ∫
|uh − u¯h|2 dz h2 2(2m+ 1)
m+ 1 I (u0). (2.27)ΩT
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u¯h → u strongly in L2loc
(
(0,∞);L2(Ω,Rm+1)). (2.28)
So, up to subsequences, we can suppose that uh and u¯h converge to u almost everywhere in Ω∞, and finally deduce
by (2.20) and the Lebesgue convergence theorem that the subsequences {uh} and {u¯h} satisfy (2.25) for any number
q  1. From the arbitrariness of the subsequences fixed at the beginning, we get the thesis. 
To pass to the limit in the m-Laplace term in (2.18), we need some more compactness for {uh} and {u¯h}.
Lemma 4. The sequence {u¯h} is precompact in Lqloc((0,∞);W 1,q (Ω,Rm+1)), for every q , 1 q <m.
Proof. First observe that the lower order term in (2.18) is uniformly bounded in L1(ΩT ) for any positive T > 0.
In fact, by (2.22), we have∫
ΩT
∣∣mm2 H(u¯h)∇1u¯h ∧ · · · ∧ ∇mu¯h∣∣dz ‖H‖∞
∫
ΩT
|∇u¯h|m dz
 ‖H‖∞T (2m+ 1)I (u0). (2.29)
Now we can argue as in [3, Theorem 2.1] (see also [2] for the scalar case) to have the result. In fact, given a weak
solution vh to the nonlinear parabolic system
∂tvh − div
(|∇vh|p−2∇vh)= fh in (0, T )×Ω,
if the sequences {vh}, {∂tvh}, and {fh} are equibounded in L∞(0, T ;W 1,p(Ω,Rm+1)), L2(0, T ;L2(Ω,Rm+1)),
and L1(0, T ;L1(Ω,Rm+1)), respectively, then, {vh} is precompact in Lq((0, T ),W 1,q (Ω,Rm+1)), for every
1 q < p. 
From Lemma 4, we deduce the following convergence result.
Lemma 5. There exists a subsequence {u¯h} such that, as h ↘ 0,
|∇u¯h|m−2∇u¯h ⇀ |∇u|m−2∇u weakly in L
m
m−1
loc
(
0,∞;L mm−1 (Ω,Rm(m+1))). (2.30)
Proof. It suffices to observe that, thanks to (2.24), (2.25) and Lemma 4, a subsequence of ∇u¯h converges to
∇u strongly in Lqloc((0,∞);Lq(Ω,Rm(m+1))) and almost everywhere in Ω∞, besides the fact that the sequence
{|∇u¯h|m−2∇u¯h} is bounded in L
m
m−1
loc (0,∞;L
m
m−1 (Ω,Rm(m+1))). 
Proof of Theorem 1. First, note that
u¯h(t) ⇀ u(t) weakly in W 1,m
(
Ω,Rm+1
)
for every t ∈ (0, T ) \E1, (2.31)
where L1(E1) = 0.
We also observe that, thanks to (2.22), Fatou’s lemma gives
T∫
0
(
lim inf
h→0
∫
Ω
∣∣∂tuh(t, x)∣∣2 dx
)
dt  C.
Hence the function lim infh→0
∫
Ω
|∂tuh(t, x)|2 dx is in L1(0, T ), and, consequently, finite for every t ∈ (0, T ) \ E2,
with L1(E2) = 0. Now, if t ∈ [0, T ] \ E2 we can find a subsequence h′ of h (possibly depending on t) such that
∂tuh′(t) weakly converges in L2(Ω,Rm+1) to a function f (t).
Moreover, from Eq. (2.18) and thanks to the estimate (2.22) we infer that, for every ψ ∈ D(Ω,Rm+1), the sequence
{∫ ∂tuh ·ψ dx} is uniformly bounded in L∞(0, T ). More precisely, it holds:Ω
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∥∥∥∥
∫
Ω
∂tuh ·ψ dx
∥∥∥∥
L∞(0,T )
 C
(‖ψ‖∞ + ‖∇ψ‖Lm). (2.32)
Now, let {ψk}∞k=1 be a countable dense set of D(Ω,Rm+1), so that for every ψ ∈ D(Ω,Rm+1) there exists
a subsequence ψk′ of ψk such that ψk′ → ψ , ∇ψk′ → ∇ψ uniformly in Ω .
Choosing as test in the weak formulation of (2.18) the function ϕ(t, x) = ζ(t)ψk(x) with ζ ∈ C∞c (0, T ), we have
T∫
0
∫
Ω
∂tuh(t, x) ·ψk(x)dx ζ(t) dt +
T∫
0
∫
Ω
∣∣∇u¯h(t, x)∣∣m−2∇u¯h(t, x) · ∇ψk(x)dx ζ(t) dt
= mm2
T∫
0
∫
Ω
H
(
u¯h(t, x)
)
ψk(x) · ∇1u¯h(t, x)∧ · · · ∧ ∇mu¯h(t, x) dx ζ(t) dt. (2.33)
Since the functions
∫
Ω
∂tuh(t, x) · ψk(x)dx,
∫
Ω
|∇u¯h(t, x)|m−2∇u¯h(t, x) · ∇ψk(x)dx, and
∫
Ω
H(u¯h(t, x))ψk(x) ·
∇1u¯h(t, x) ∧ · · · ∧ ∇mu¯h(t, x) dx belong to L∞(0, T ), we infer from (2.33) the existence, for every k ∈ N,
of a negligible subset Fk , such that, if t ∈ (0, T ) \ Fk , then∫
Ω
∂tuh(t) ·ψk dx −
∫
Ω
∣∣∇u¯h(t)∣∣m−2∇u¯h(t) · ∇ψk dx
= mm2
∫
Ω
H
(
u¯h(t)
)
ψk · ∇1u¯h(t)∧ · · · ∧ ∇mu¯h(t) dx. (2.34)
If we set E3 =⋃Fk , since {ψk}∞k=1 is dense in D(Ω,Rm+1) and thanks to (2.32), equation
∂tuh(t)− div
(∣∣∇u¯h(t)∣∣m−2∇u¯h(t))= mm2 H (u¯h(t))∇1u¯h(t)∧ · · · ∧ ∇mu¯h(t) (2.35)
is satisfied in the sense of distributions, for every t ∈ (0, T ) \E3.
At this point, for any i = 1, . . . ,m + 1, let (∇u¯h)iˆ be the m × m-matrix obtained by removing the i-th column in
the m× (m+ 1)-matrix (∇u¯h).
Let t ∈ (0, T ) \ (⋃3j=1 Ej); to each u¯h(t) we associate a vector-valued distribution Tu¯h = Th ∈ D′(Ω,Rm+1)
given by
〈Th,ϕ〉 =
∫
Ω
H
(
u¯h(t)
)
ϕ · ∇1u¯h(t)∧ · · · ∧ ∇mu¯h(t) dx, ϕ ∈ D
(
Ω,Rm+1
)
.
By the definition of the cross product we write Th = (T 1h , . . . , T m+1h ), where each T ih ∈ D′(Ω) and
〈
T ih,ψ
〉= (−1)i−1 ∫
Ω
H
(
u¯h(t)
)
ψ det
(∇u¯h(t))iˆ dx, ψ ∈ D(Ω). (2.36)
The following generalization of Lemma 4.3 in [12] is proven in [16] (see Lemma 3.1).
Lemma 6. Under all the above assumptions, there exists a subsequence h′′ of h′ such that for all i = 1,2, . . . ,m+ 1,
T ih′′ → T iu + νi(t) ∈ D′(Ω) as h′′ ↘ 0
where the convergence is in the sense of distributions and
• Tu is associated to u by (2.36), with all indices h omitted;
• νi(t) is concentrated on a set of Cm-capacity zero.
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f (t)− div(∣∣∇u(t)∣∣m−2∇u(t))−mm2 H (u(t))∇1u(t)∧ · · · ∧ ∇mu(t) = ν(t) (2.37)
is solved in the sense of distributions. Since the measure at the left hand side is absolutely continuous with respect to
the Cm-capacity, the measure ν(t) is certainly zero.
Then, for each point t ∈ (0, T ) \ (⋃3j=1 Ej), all the sequence H(u¯h(t))∇1u¯h(t)∧ · · · ∧ ∇mu¯h(t) converges (in the
sense of distributions) to H(u(t))∇1u(t)∧ · · · ∧ ∇mu(t).
This allows us to pass to the limit in the approximating equation (2.18), using the Lebesgue dominated convergence
theorem together with (2.24), (2.30), obtaining
T∫
0
∫
Ω
(
ϕ · ∂tu+ |∇u|m−2∇u · ∇ϕ
)
dx dt = mm2
T∫
0
∫
Ω
H(u)ϕ · ∇1u∧ · · · ∧ ∇mudx dt, (2.38)
for every ϕ ∈ D(ΩT ,Rm+1). By the arbitrariness of T , Eq. (2.38) is solved in Ω∞, for every ϕ ∈ D(Ω∞,Rm+1).
Let us now observe that also the functional E(v) is weakly lower semi-continuous in K . Then we find, thanks to
(2.19), (2.24), and (2.31) that, for almost every T > 0, we have
E(u0) lim inf
h→0 E
(
u¯h(T )
)+ 1
2
lim inf
h→0
T∫
0
∫
Ω
|∂tuh|2 dz
E
(
u(T )
)+ 1
2
T∫
0
∫
Ω
|∂tu|2 dz,
getting (1.6). The energy boundedness (1.7) follows from (2.22) in the same way. The uniform boundedness of
the solution u is obtained from (2.20) and (2.25). The initial condition (1.5) is true thanks to (2.20) and the
uniform boundedness in L2 of ∂tuh. Finally, noting that W 1,m0 (Ω,R
m+1) is weakly closed in W 1,m(Ω,Rm+1) and
uh − u0 ∈ W 1,m0 (Ω,Rm+1), thanks to (2.31), we can assert the validity of the Dirichlet boundary condition for u.
In the end we will study the asymptotic behaviour of u. With an argument previously developed we obtain that∫
Ω
∂tu(t, x) ·ψ(x)dx +
∫
Ω
∣∣∇u(t, x)∣∣m−2∇u(t, x) · ∇ψ(x)dx
= mm2
∫
Ω
H
(
u(t, x)
)
ψ(x) · ∇1u(x, t)∧ · · · ∧ ∇mu(t, x) dx (2.39)
holds for a.e. t ∈ (0,∞), i.e. for t ∈ (0,+∞) \ E where E ⊂ (0,∞) is a Lebesgue measurable set with L1(E) = 0.
Moreover, letting E′ the measurable set such that∫
Ω
∣∣∇u(t, x)∣∣m dx  C (2.40)
holds for every t ∈ (0,∞) \E′, with L1(E′) = 0, we can certainly assert that∫
(0,+∞)\(E∪E′)
∫
Ω
∣∣∂tu(t, x)∣∣2 dx dt < ∞
and then deduce the existence of an unbounded increasing sequence tn ∈ (0,∞) \ (E ∪E′) such that∫ ∣∣∂tu(tn, x)∣∣2 dx → 0 as n → ∞. (2.41)Ω
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in [16]), we can pass to the limit as n → ∞ (maybe considering a subsequence), proving the existence of a weak
solution u˜ ∈ W 1,m(Ω,Rm+1) to (1.1) satisfying the boundary condition u˜ = u0 on ∂Ω in the sense of traces. We also
note that, from the regularity theory studied in [5,17], the solution u˜ ∈ C1,α(Ω,Rm+1) ∩ C0,α(Ω,Rm+1) for some
α < 1. 
It is worth pointing out that the strong convergence of the m-Dirichlet energy would have been, of course, sufficient
to pass to the limit in Eq. (2.18).
Actually we are in the position to deduce from the smallness condition (2.21) that the strong convergence is implied
by the solvability of Eq. (2.38) (with solution u).
Corollary 7. Under the hypotheses of Theorem 1 we have that
lim
h→0
∫
Ω∞
|∇u¯h − ∇u|mϕ dx dt = 0, (2.42)
for every ϕ ∈ D(Ω∞), with ϕ  0.
Proof. Let ϕ ∈ D(Ω∞), with ϕ  0; using u¯hϕ as test in Eq. (2.18) (which is possible thanks to density arguments),
and exploiting the smallness condition (2.21) we obtain∫
Ω∞
|∇u¯h|mϕ dx dt mm2
∫
Ω∞
H(u¯h)ϕu¯h · ∇1(u¯h − u)∧ · · · ∧ ∇m(u¯h − u)dx dt
−
∫
Ω∞
∂tuh · u¯hϕ dx dt −
∫
Ω∞
|∇u¯h|m−2∇u¯hu¯h∇ϕ dx dt + Ih
 α
∫
Ω∞
|∇u¯h − ∇u|mϕ dx dt −
∫
Ω∞
∂tuh · u¯hϕ dx dt
−
∫
Ω∞
|∇u¯h|m−2∇u¯hu¯h∇ϕ dx dt + Ih, (2.43)
where α := ‖H‖∞‖u0‖∞, while the term Ih converges thanks to Lemma 4 and its limit is
lim
h→0 Ih = m
m
2
∫
Ω∞
H(u)ϕu · ∇1u∧ · · · ∧ ∇mudx dt. (2.44)
Thus, from (2.43) we deduce that
(1 − α)
∫
Ω∞
|∇u¯h − ∇u|mϕ dx dt 
∫
Ω∞
[|∇u¯h − ∇u|m − |∇u¯h|m]ϕ dx dt
−
∫
Ω∞
∂tuh · u¯hϕ dx dt −
∫
Ω∞
|∇u¯h|m−2∇u¯hu¯h∇ϕ dx dt + Ih. (2.45)
From the convexity of the function ξ → |ξ |m, for ξ ∈Rk , k  1, we have that∣∣|ξ |m − |η|m∣∣ C(1 + |ξ |m−1 + |η|m−1)|ξ − η|,
so, when we pass to the limit in (2.45) we can use, thanks to Lemma 4 a generalized Fatou’s lemma for the first term
in the right hand side, (2.24) and (2.44) for the other terms, thus obtaining the following estimate
C. Leone et al. / J. Math. Pures Appl. 97 (2012) 282–294 293(1 − α) lim sup
h→0
∫
Ω∞
|∇u¯h − ∇u|mϕ dx dt
−
∫
Ω∞
|∇u|mϕ dx dt −
∫
Ω∞
∂tu · uϕ dx dt −
∫
Ω∞
|∇u|m−2∇uu∇ϕ dx dt
+mm2
∫
Ω∞
H(u)ϕu · ∇1u∧ · · · ∧ ∇mudx dt. (2.46)
Since u satisfies Eq. (2.38), the right hand side of (2.46) is zero (having used uϕ in the weak formulation of (2.38),
which is possible by density arguments). The result is now proven. 
3. A compactness theorem for the heat flow of higher dimensional H -systems
We discovered in Corollary 7 that, thanks to the smallness condition, the sequence {∇u¯h} is in fact locally compact
in the strong topology of Lm(Ω∞,Rm(m+1)). This is not generally true. A well-known phenomenon of bubbling which
appears in many related problems, especially in the study of harmonic and p-harmonic maps, leads to loss of strong
convergence.
As a matter of fact, to overcome this lack of (strong) convergence, you may reason as in the proof of Theorem 1
(i.e. using subtle tools coming from compensated compactness theory), and easily deduce the following general com-
pactness theorem. Note that it is the parabolic version of Theorem 1.1 in [16].
Theorem 8. Let H : Rm+1 → R be a W 1,∞-function and assume that uh is a distributional solution in
L∞((0, T );W 1,m(Ω,Rm+1)) of the system
∂tuh − div
(|∇uh|m−2∇uh)= H(uh)∇1uh ∧ · · · ∧ ∇muh, (3.1)
where uh ⇀ u weakly∗ in L∞((0, T );W 1,m(Ω,Rm+1)) as well as ∂tuh ⇀ ∂tu weakly in L2((0, T );L2(Ω,Rm+1)).
Then u is a distributional solution of
∂tu− div
(|∇u|m−2∇u)= H(u)∇1u∧ · · · ∧ ∇mu.
Remark 9. Actually, the result of Theorem 8 remains true if we perturb the system (3.1) with a sequence
Ψh ∈ Lm′((0, T );W−1,m′(Ω,Rm+1)) weakly converging to zero.
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